PROBABILISTIC WELL-POSEDNESS FOR THE CUBIC WAVE 

EQUATION 



NICOLAS BURQ AND NIKOLAY TZVETKOV 

Abstract. The purpose of this article is to introduce for dispersive partial differential equa- 
tions with random initial data, the notion of well-posedness (in the Hadamard-probabilistic 
sense). We restrict the study to one of the simplest examples of such equations: the periodic 
cubic semi-linear wave equation. Our contributions in this work are twofold: first we break 
the algebraic rigidity involved in previous works and allow much more general randomiza- 
tions (general infinite product measures v.s. Gibbs measures), and second, we show that the 
flow that we are able to construct enjoys very nice dynamical properties, including a new 
notion of probabilistic continuity. 



1. Introduction 

In [lU] , we developed a general method for obtaining local existence and uniqueness of 
semi-linear wave equations with data of super-critical regularity. In addition, in we gave a 
very particular example (based on invariant measures considerations) of global existence with 
data of supercritical regularity. Our goal here is to make a significant extension of |10t [TT] 
by presenting a quite general scheme to get global well-posedness for semi-linear dispersive 
equations with data of super-critical regularity. We also propose a natural notion of Hadamard 
well-posedness in this setting. We decided to restrict our attention to a very simple example. 
A further development of the ideas we introduce here will appear in a forthcoming work. 

Let {M,g) be a 3d boundaryless Riemannian manifold with associated Laplace-Beltrami 
operator Ag. Consider the cubic defocusing wave equation 

(d? - A„)u + = 0, u:Rx M -^R, 

(1-1) 

u\t=o = no, dtu\t=o = ui, (no,ni) G H'{M) x H'-\M) = n'{M), 

where H^{M) denotes the classical Sobolev spaces on M. By using simple scaling considera- 
tions one obtains that s = 1/2 is the critical Sobolev regularity associated to (jl.ip . It turns 
out that this regularity is the border line of the deterministic theory, in the sense of local 
well-posedness in the Hadamard sense (existence, uniqueness and continuous dependence on 
the data). More precisely, we have the following statement. 

Theorem 1. The Cauchy problem (jl.ip is locally well-posed for data in , s > 1/2 (and 
even globally for s > 3/4j. In the opposite direction, for s € (0,1/2), the Cauchy problem (jl.ip 
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is not locally well-posed in H.'^ . For instance one can contradict the continuous dependence by 
showing that there exists a sequence of global smooth solutions of (jl.ip such that 

lim \\{uniO),dtUniOmw =0 

n— ^-oo 

and 

lim \\{Un{t),dtUn{t))\\LoonoT];n'') = O^, VT > 0. 

Moreover, one can also contradict the existence by showing that there exists an initial 
datum {uq,ui) S Ti^ such that for every T > the problem (jl.ip has no solution in 
L°°{[0,T];T-l^), if we suppose that in addition the flow satisfies a suitable finite speed of 
propagation. Such a property is natural in the context of wave equations. 

One may wish to compare the result of Theorem [T] with the classical Hadamard counterex- 
ample in the context of the Laplace equation 

(1.2) {d'f + dl)v = 0, V -.RtxSl^R. 

The equation (|1.2p has the explicit solution 

Vn{t,x) = e~^s'h{nt) cos{nx). 

Then for every s, satisfies 

\\{vn{^),dtvnm\\wis-) < e-^'n' 0, 
as n tends to +oo but for t / 0, 

\\{vnit),dtvnmwis^) ^ e-v^n^ +00, 

as n tends to +oo. Consequently (jl.2p in not well-posed in 'H'^ for every s E M which is the 
analogue of the Ti'^, s < 1/2 result of Theorem [TJ On the other hand (jl.2p is well-posed in 
analytic spaces which is the analogue of the s > 1/2 result in Theorem [TJ Let us also observe 
that one may show the ill-posedness of (|1.2p in Sobolev spaces by an indirect argument based 
on elliptic regularity. We are not aware of a similar indirect argument in the context of the 
wave equation (jl.ip for s < 1/2. 

The well-posedness part of the Theorem [1] can be proved as in the works by Ginibre- 
Velo [K] and Lindblad-Sogge [2T] , by invoking the Strichartz estimates for the wave equation 
on a riemannian manifold due to Kapitanskii [17J. For s > 1/2 the well-posedness holds 
in a stronger sense since the time existence can be chosen the same for all data in a fixed 
bounded set of and moreover the flow map is uniformly continuous on bounded sets of 
Ti^. In the case s = 1/2 the situation is more delicate since the existence time depends in a 
more subtle way on the data. The global well-posedness part of Theorem [1] can be obtained 
(following ideas by Bourgain [3] ) by adapting the proofs of Kenig- Ponce- Vega [18] , Gallagher- 
Planchon [T3] and Bahouri-Chemin [Ij to the compact setting. We also refer to the works by 
Roy [22| for further investigations in the direction of deterministic global well-posedness for 
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(jl.ip with rough data. The ih-posedness statement of Theorem [T] is proved in our previous 
article [lOj, by using the approaches of Christ-Colhander-Tao [13] and Lebeau [20]. 

One may however ask whether some sort of weh-posedness for (jl.ip survives for s < 1/2. 
In [To] we have shown that the answer is positive, at least locally in time, if one accepts 
to randomize the initial data. Moreover, the method of [10] works for a quite general class 
of randomizations. As already mentioned the approach of [11] to get global in time results 
is restricted only to very particular randomizations. More precisely, it is based on a global 
control on the flow given by an invariant Gibbs measure (see also [1]). In [TU], Remark 1.5, 
we asked whether the globalization argument can be performed by using other global controls 
on the flow such as conservations laws. In the present work we give a positive answer to this 
question. 

Let us now describe the initial data randomization we use. We suppose that M = T^ with 
the flat metric. Starting from (no,ui) G given by their Fourier series 

Uj{x) = Qj + {bn,j cos(n • x) + Cnj sm{n ■ x)^ , J = 0, 1, = Z^\{0} 

we define by 

(1.3) u'j{x) = aj{uj)aj + ^ (^/3„j(w)6„j cos(n • x) + 'yn,jiuj)cnj sin(n • x) 

where {aj{uj), f5n,j{i^),Jn,j{^)), G Z^, j = 0, 1 is a sequence of real random variables on a 
probability space {Q,p,J^). We assume that the random variables (Qj; /^nj) T™,j)n£Z^,j=o,i '^^^ 
independent identically distributed real random variables with a joint distribution 9 satisfying 



(1.4) 3c>0, V7GM, / e^^'deix 



(under the assumption (II. 4p the random variables are necessarily of mean zero). Typi- 
cal examples of random variables satisfying (jl.4p are the standard gaussians, i.e. dO[x) = 
(27r)~-'^/^ exp(— x^/2)(ix (with an identity in (|1.4p ) or any family of random variables having 
compactly supported distriution function 9, e.g. the Bernoulli variables d9{x) = ^((^-1 + 
An advantage of the Bernoulli randomization is that it keeps the %^ norm of the original 
function. The gaussian randomization has the advantage to "generate" a dense set in T-L'^ via 
the map 

(1.5) wEO^ (u^,u^) G?^" 

for many (uo,ui) S Ti.^- Notice finally that we could relax the "identical distribution" as- 
sumption provided (jl.4p is uniformly satisfied by the family of random variables. 

Definition 1.1. For fixed {uq,ui) £ , the map (jl.5p is a measurable map from {^,J-') to 
THP endowed with the Borel sigma algebra since the partial sums from a Cauchy sequence in 
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L^{n;n°). Thus ([LS]) endows the space T-l^{T^) with a probability measure which is direct 
image of p. Let us denote this measure by /^(^o.ui)- Then 

yAcn', fi^^,^^,){A) = p{u e n ■. {u^,u^)eA). 
Denote by the set of measures obtained following this construction and 

M'= U {/^(„o,«i)}- 

Let us recall some basic properties of these measures (see [TO]). 

Proposition 1.2. For any {uq,ui) G 'H'^ , the measure ^(mq.ui) supported by %^ . Fur- 
thermore, for any s' > s, if {uo,ui) ^ V.'^' , then ^(uo,ui)(^*') = 0. In other words, the 
randomization (II. 5p does not regularize in the scale of the L"^ -based Sobolev spaces (this fact 
is obvious for the Bernoulli randomization). Finally, If {uo,ui) have all their Fourier coef- 
ficients different from zero and if the measure 6 charges all open sets of M then the support 
of fi is (recall that the support of fj, is the complementary of the largest open set U C T-L^ 
such that n{U) = 0). 

As mentioned above, for fixed (uq, ui) the measure /i(uo,«i) depends heavily on the choice of 
the random variables (aj(u;),/3„j(a;),7„j(cij)). On the other hand for a fixed randomisation 
{aj{uj), f3n,j{^),'yn,j{^)) the measure /i(uo,ni) depends largely on the choice of {uo,ui). For in- 
stance, let us consider a gaussian randomisation , i.e. we suppose that {aj (uj) , /3„ j (w) , jnj (w) ) 
are independent centered gaussian random variables. Then if {uo,ui) and (uo,ui) are given 
by the Fourier expansions 

Uj{x) = Oj + (bn,j cos(n • x) + Cnj sm{n ■ x)j , j = 0, 1 

and 

Uj{x) = aj + (bn,j cos(n • x) + Cnj sin(n • x)^ , j = 0,1 

neZ3 

then, following Kakutani [16], it is possible to prove that the associated measures /i(no,ni) ™d 
fi(uo,ui) ai'e mutually singular if 

(1.6) ; 

In other words, if (|1.6p is satisfied then there exists a set A such that ^(^^ u^)(j4) = 1 and 
/"(mo,Si)(^) = 0- O'^ the other hand if (|1.6|) is not satisfied and the all the coefficients are non 
zero (or vanish pairwise simultaneously) then we have that jJ^i^uoyUi) ^ /^(mo.mi) ^ l^{uo,ui) We 
refer to the Appendix for more precise statements concerning the dependence of ^J'(^uo,m) 
{uq,ui) in the case of a gaussian randomisation. 
We can now state our first result. 
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Theorem 2. Let M = with the flat metric and let us fix ^ £ , < s < 1. Then, there 
exists a full /x measure set S C Ti^lT^) such that for every {vq,vi) G S, there exists a unique 
global solution v of of the non linear wave equation 

(1.7) (d^ - Aj3)v + v' = 0, iviO),dtv{0)) = ivo,vi) 
satisfying 

iv{t),dtvit)) G {S{t)ivo,vi),dtS{t){vo,vi)) + CiRuH^T^) x L\T^)) 

(S{t) denotes the free evolution defined by ()2.2p below). Furthermore, if we denote by 

m{vo,v,) = {v{t),dtv{t)) 

the flow thus defined, the set S is invariant by the map ^{t), namely 

$(t)(S) = S, VtGM. 

Finally, for any e > there exist C,6 > such that for ji almost every {vq,vi) G 'H*(T^), 
there exists M > such that the global solution to (II. 7p previously constructed satisfies 

v{t) = S{t)Ii\vo,vi) + w{t), 

(Hq is the orthogonal projector on constants) , with 

(1.8) \\{w{t),dtwm\H\ri)<^ 

and 



C{M + \t\)—+^ ifs>0, 



;u((i;o,'^i) G -H" : M > A) < Ce"^ . 

Having established a large time (unique) dynamics on an invariant set of full measure 
on Ti^iT^), there are a few very natural questions to address, and the very first one is the 
continuity of the flow. Let us recall that for any event B (of non null probability) the 
conditionned probability V{-\B) is the natural probability measure supported by B, defined 

Notice (see below), that the sequences constructed following the approach by Lebeau and 
Christ-Colliander-Tao give an obstruction to the (deterministic) continuity of our flow. How- 
ever, we are able to prove that it is still continuous in probability and consequently the super- 
critical Cauchy problem (jl.ip is well globally posed in the following Hadamard-probabilistic 
sense 

Theorem 3. Let us fix s e (0, 1), let A > and let Ba = {V ^T-i" ■ \\y\\w < ^) be the closed 
ball of radius A centered at the origin of T-l^ and let T > 0. Let /i G Ai^ and suppose that 9 
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is symmetric. Let <I>(t) be the flow of the cubic wave equations defined fi almost everywhere 
in Theorem\^ Then for e,r] > 0, we have the bound 



where Xt = iC{[0,T];n'') n L^{[0,T] x T^)) x C{[0,T]; H'-^) and g{e,7]) is such that 

lim g{s,r]) = 0, Ve > 0. 



Moreover, if in addition we assume that the support of is the whole 'H'^ then there exists 
e > such that for every rj > the left hand-side in (jl.Op is positive. 

In other words, as soon as rj <^ e, among the initial data which are r/-close to each other, the 
probabihty of finding two for which the corresponding solutions to (jl.ip do not remain e close 
to each other, is very small ! The last part of the statement is saying that the deterministic 
version of the uniform continuity property (jl.Op does not hold. A crucial element in the proof 
is the ill-posedness result displayed in Theorem [TJ It is likely that Theorem [3] also holds for 
s = 0, modulo some additional technicalities. 

In a forthcoming work, we show that similar results could be obtained for general manifolds 
by modifying accordingly the randomization. 

As mentioned in [10] it would be interesting to develop similar results in the case of the 
nonlinear Schrodinger equation (NLS). In this case there are at least two difficulties compared 
to the wave equation. The first one is that the smoothing in the nonlinearity is no longer 
present in the case of NLS. The second one is that the deterministic Cauchy theory in the 
case of NLS, posed on a compact domain is much more intricate compared to the nonlinear 
wave equation or the NLS in the euclidean space (see e.g [3l[8]). One can however show that 
in some cases one may at least control a.s. the first iteration at a super critical regularity 
(see the appendix of [23]). Another approach based on subscribing the singular part of the 
nonlinearity is developed in [5l [12] . Finally, let us mention that we obtained with Thomann 
a first step toward similar results for the non linear Schrodinger equation in [9]. 

The remaining part of this paper is organized as follows. We complete this introduction 
by introducing several notations. In the following section, we give the global existence part 
of the proof of Theorem [2] for s > 0. Next, we construct an invariant set of full measure. 
Section 4 is devoted to the possible growth of Sobolev norms for s > 0. We then consider 
the case s = is Section 5. Section 6 is devoted to the proof of Theorem [3l Finally in an 
appendix, we collect the results on random series used in the previous sections. We also prove 
statement giving a criterium for the orthogonality of two measures of A^'^. 
Notation. A probability measure on M is called symmetric if Jj^ f{x)d9{x) = f{—x)d9{x) 
for every / G L^{d9). A real random variable is called symmetric if its distribution is a 
symmetric measure on M. 
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2. Almost sure global well posedness for s > 
Let us first recall the following local existence result. 
Proposition 2.1. Consider the problem 

(2.1) (a2_^^3)^ + (^ + „)3^0_ 

There exists a constant C such that for every time interval I = [a,b] of size 1, every A > 1, 
every {vo,vi,f) £ x L'^ x L^{I,L^) satisfying ||wo||hi + I^iIIlz + WfWla^^La) < A there 
exists a unique solution on the time interval [a, a + C^^A^^] of (12. ip with initial data 

v{a,x) = vo{x), dtv{a, x) = vi{x) . 

Moreover the solution satisfies \\{v,dtv)\\ioo(^[g^^a+T],H''-xL^) ^ CA, {v,dtv) is unique in the class 
L'^da, a + t], x L^) and the dependence in time is continuous. 

Proof. By translation invariance in time, we can suppose that / = [0, 1] . Define the free 
evolution S{t) by 



(2.2) S{t){vo,vi) ^ cos{tV^){vo) + (^i) 

with the natural convention concerning the zero Fourier mode. Then we can rewrite the 
problem as 



(2.3) v{t) = S{t){vo,v,) - 1^ '^^|^^^ (/(r) + v{T)fdT . 

Set 

^.o,..,/(^) = S{t){vo,v,) - 1^ ((/(r) + v{T)fdr. 

Then for T e (0, 1], using the Sobolev embedding ^^(T^) c ^'^(T^), we get 

\\'^vo,vufiv)\\L'->{[0,T],m) < C(II^^oIIhi + sup \\ f (t) + v{T)\\le) 

re[0,T] 

< C'dl^oll/fi + II^i||l2 + sup \\f{T)\\le) + CT\\v\\l^,rf^j,^jjrs 

re[0,T] ' " 

It is now clear that for T A~^ the map ^uo,ui,f send the ball {v : ||^^||Loo([o,T],/i'i) ^ CA) 
onto. Moreover by a similar argument, we obtain that this map is a contraction on the 
same ball. Thus we obtain the existence part and the bound on v in H^. The estimate of 
||5t?;||^2 follows by differentiating in t the Duhamel formula (12. 3p . This completes the proof 
of Proposition 12.11 □ 

We can now deduce the global existence and uniqueness part in Theorem [2] in the case 
s > 0. 
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Proposition 2.2. Assume that s > and let us fix fi G Ai^ . Then, for fi almost every 
{vq,vi) G ?^*(T^), there exists a unique global solution 

{v{t),dtv{t)) G {S{t){vo,vi),dtS{t){vo,vi)) + C{R;H\T^) X L\T^)) 

of the non linear wave equation 

{d^ - Ari)v + v-^ = 

with initial data 

v{0, x) = vq{x), dtv{0,x) = vi{x) . 

Proof. We search v under the form v{t) = S{t){vo,vi) + w{t). Then vu solves 
(2.4) {d^ - Ars)w + {S{t){vo,vi) + wf = 0, w\t=o=0, dtw \t=o= 0, 

From Corohary IA.41 if (5 > 1 + | , we know that /^-almost surely 

\\{ty^S{t){vo,Vi)\\LP(R,-W''-PiT^)) < 

Taking p large enoug h so that ^ < s and consequently ^^^'^(T^) c L°°(T3), we deduce that 
/x-almost surely, 

9{t) = \\Smvo,Vi)\\le^js) G Aoc(IKt), 

fit) = \\S{t){vo,vi)h^^r^) e LURt). 

The local existence in Proposition 12.21 now follows from Proposition 12.11 and the first estimate 
in (|2.5p . We also deduce from Proposition 12.11 that as long as the x norm of (w, dtw) 
remains bounded, the solution w of (j2.4p exists. Set 



Using the equation solved by tf, we now compute 
d 
di 



£{w{t)) = / idtwdfw + Vxdtw-VxW + dtww^)dx 
dtw { dfw — Avu + w^]dx 



J3 



dtw(^uj^ - {S{t){vo,vi) + wf^dx. 



/T3 

Now, using the Cauchy-Schwarz and the Holder inequalities, we can write 

j/{w{t)) < C{£{w{t))f'\\w^ - {S{t){vo,v,) + wf\\mT3) 

< C{£{w{t)))'/^(^\\S{t)ivo,vi)\\le^^,^ + \\S{t)ivo,v,)\\L^^jS)\\w^h2^jS)] 

<C{£{w{t))f'[g{t) + f{t){£{w{t))f'] 

and consequently, according to Gronwall inequality and (|2.5p . vu exists globally in time. This 
completes the proof of Proposition [TJ □ 



GLOBAL SOLUTIONS OF SUPER-CRITICAL REGULARITY 



9 



3. CONSTRUCTION OF AN INVARIANT SET, S > 

The construction of the previous section yields the global existence on a set of full /x measure 
but it does not exclude the possibility to have a dynamics sending for some t 7^ the set of full 
measure where the global existence holds to a set of small measure. Notice that in a similar 
discussion in the set of full measure where the global existence holds is invariant by the 
dynamics by construction. Our purpose of this section is to establish a global dynamics on 
an invariant set of full measure in the context of the argument of the previous section. 

Define the sets 

e = {{vo,vi) e : \\S{t){vo,vi)\\%^j,) e LlM, ||5(t)(?;o,t;i)||L-(T3) e LlM) 

and S = G + H^. Then S is of full fi measure for every fi G Ti^, since so is 0. We have the 
following proposition. 

Proposition 3.1. Assume that s > and let us fix G Ai^. Then, for every {vo,vi) £ S, 
there exists a unique global solution 

{v{t),dtv{t)) G {S{t){vo,v,),dtS{t){vo,vi)) + CiR;H\T^) X L^{T^)) 

of the non linear wave equation 

(3.1) {d^ - Aj,)v + = 0, iviO,x),dtviO,x)) = {voix),vi{x)). 

Moreover for every t E M, {v{t),dtv{t)) G S. 

Proof. By assumption, we can write {vo,vi) = (^o^^i) + {wo,wi) with {vq,vi) £ Q and 
{wq, vui) G Ti^. We search v under the form v{t) = S{t){vo, vi) + w{t). Then vu solves 

{d^ - Aj3)w + {S{t){vo,vi) + w)^ = 0, w\t=o=wo, dtw \t=o= wi, 
Now, exactly as in the proof of Proposition 12. 2|, we obtain that 

piHt)) < C{£{wit))) [git) + fit) iSiwit))) , 

where 

git) = ||5(t)(£io,i)i)|li6(T3), fit) = \\Sit)ivo,vi)\\Lo.^j3y 

Therefore thanks to the Gronwall lemma, using that SiwiO)) is well defined, we obtain the 
global existence for w. Thus the solution of (13. ip can be written as 

vit) = Sit)ivo, vi) + wit), iw, dtw) G Ci^-^V}). 

Coming back to the definition of 0, we observe that 

sit)ie) = e. 

Thus ivit),dtvit)) G S. This completes the proof of Proposition 13.11 □ 
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4. Bounds on the possible growth of the Sobolev norms, s > 

In this section, we are going to follow the high-low decomposition method of Bourgain [6], 
or more precisely the reverse of Bourgain's method, as developed for instance in the work by 
Gallagher and Planchon [Hj (see also [18]) or Bona and the second author [2j and refine the 
global well-posedness results obtained in the previous sections, to prove (jl.Sp when s > 0. 
Notice that a similar strategy has been recently used by Colliander and Oh [12] in the context 
of the well posedness of the cubic one-dimensional non linear Schrodinger equation below L?'. 
In the context of randomly forced parabolic-type equations, such sub-linear estimates appear 
rather naturally (see the woork by Kuksin and Shirikyan |19j ) 

Let us introduce the Dirichlet projectors to low/high frequencies. If a function u on the 
torus is given by its Fourier series 



u{x) = a-\- ^6„, cos(n ■ x) + Cn sin(n • x)^ , 



for > 0, an integer, we set 

(4.1) IiN{u) = a+ cos(n • x) -|- c„ sin(n • x)^ , li^ [u) = [1 — Ii]\i){u) . 

\n\<N 

We also set no(u) = a. The goal of this section is to prove the following statement. 



Proposition 4.1. Let 1 > s > and /i G A^*. Consider the flow of (|3.ip established in the 
previous section. Then for any e > there exist C, (5 > such that for every {vo,vi) € S, 
there exists M > such that the global solution to (I3.ip constructed in the previous section 
satisfies 

v{t) = S{t)Il\v^,vi) + w{t), \\{w{t),dtw{t))\\^.^j,) < C{M + |^|)^+^ 
with n{M > A) < Ce~^' . 

Proof. We only give the proof for positive times, the analysis for negative times being analo- 
gous. For e > 0, 5 > 1/2 and 5 > 1/3, we introduce the sets 

Fn = [{vo,vi) G S : \\UN{vo,vi)yi < iVi-^+^), 

Gn = [{vo,vi) G S : \\Un{vo)\\lht^) < ^'). 

Hn = {{vo,vi) G S : ||(t)-'^5(t)(n^(^;o,^;i))||i2(K,;L-(T3)) < N'-'), 

Kn = {{vo,vi) G S : ||(t)-^5(t)(n^(^;o,^;i))||i3(K,;L6(Tr3)) < N'-'). 

Lemma 4.2. Let S > 1 and 5 > 1/3, There exists Eq > such that for any < e < Eq, there 
exists C, c > such that for every N > 1, 



GLOBAL SOLUTIONS OF SUPER-CRITICAL REGULARITY 11 

Proof. For {uq,ui) G ^{^{T^), we have 

||n7v(no,ni)||^i(T3) < CN'^-'\\{uo,ui)\\ns . 
Therefore according to (jA.SP 

Next, using (|A.4p . we infer that 

On the other hand we have 

||n^(no,ni)||^o(Tr3) < CN-'\\{uo,ui)\\y^s^j3). 

Therefore using Remark IA.3I and Corollary \A.5\ we obtain that 

/i(K^) < C7e-^^'' , fi{H%) < Ce-'^'' . 

This completes the proof of Lemma 14.21 □ 

Let us now define for > 1 an integer, 

En = Fn HGn nHN HKn ■ 

According to Lemma |4.2^ we have 

KEn) < Ce-"^^ K>0. 

Fix £1 > 0. Then we fix e > small enough such that 

,,, 1 — s + el — s s 

Let us finally fix 5 > 1/2,5 > 1/3 such that 

(4.3) {6-^)s<25e, S<1 

We have the following statement. 

Lemma 4.3. For every c > there exists C > such that for every t > 1, every integer 
N > 1 such that t < cA^*~^^, every {vo,vi) G En the solution of ()3.ip vuith data {vo,vi) 
satisfies 

\\v{t) - 5(t)nO(t;o,^i)||«i(T3) < CN^-'+^. 
In particular, thanks to (14. 2p . if t ~ N^^'^'^ then 



\v{t) - Sm'>{vo,Vi)\\n^TS) <t'^+'\ 
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Proof. For {vq,vi) G and we decompose the solution of (j3.ip with data {vq,vi) as 

v{t) = S{t)U''{vo,Vi)+WN, 

where wn solves the problem 

(4.4) {d^-Ajs)wN + {wN + S{t)U''{vo,v,)f = 0, {w{0),dtw{0)) = Un{vo,vi). 
Using the energy estimates applied in the previous sections, we get the bound 

(4.5) ^^(^^(*)) ^ C{£iwN{t))y^\gN{t) + fN{t){£{wNit))f'), 
where 

5jv(t) = \\S{t)U''{vo,V,)\\le^j3y fN{t) = \\S{t)U''{vo,Vi)\\Lo.^r^y 
Integrating (j4.5p . we get 

(4.6) £^/\wN{t)) < CeS'^f^'^^^'^^(£^'^{wNm + j\N{T)d?j. 
We now observe that for {vq.,vi) G En 



gN{T)dT 

Jo 

provided 

-s + e + 6{s-2e) < 0. 

The last condition can be readily satisfied according to (14. 3j) . 

Next, we have (using Cauchy-Schwartz inequality in time) that for {vo,vi) £ Ej\f, 

fN{r)dT < \\{T)-'fN\\L^m{t)'+'^ < CiV-^+^(t)^+5 < ciV-^+-+(5+5)(-2.) < 



provided —s + e + {6 + ^){s — 2s) < 0, a condition which is satisfied thanks to (|4.3p . 
For {vo,vi) £ En, we have 

£'/\wNm < CmN{vo,vi)\\^i + ||n^(t;o)||i4) < CN'-'+' 

and coming back to (j4.6p . we get 

£^/\wN{t)) < CN'^-'+'. 

Recall that 

v{t) = WN{t) + S{t)U^{vo,vi) = S{t)U'>{vo, Vi) + WN{t) - S{t)UNU'>{vo, Vi). 
We have that for a solution to the linear wave equation the linear energy 

l|Vx'u|li2(T3) + ||9t'u|||2(T3) 

is independent of time and that if {u,dtu) is orthogonal to constants {{u,dtu) = Il^{u,dtu)), 
then this energy controls the ?^^(T^)-norm, we deduce for {vo,vi) £ En C Fn that 

i(T3) 



||5(On^nO(z;o,z;i)||Hi(T3) < CN'-'+^ 
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and therefore 

Mt) - S{t)U'>ivo,vi)\\niiT3) < CN'-'+' . 
This completes the proof of Lemma 14.31 □ 

Next we set 

= Pi Em, 

M>N 

where the intersection is taken over the dyadic values of M, i.e. M = 2^ with j an integer. 
Thus ix{E^) tends to 1 as tends to infinity. Using Lemma 14.31 we obtain that there exists 
C > such that for every t > 1, every N, every {vq,vi) G E^ , 

\\v{t) - 5(t)nO(^;o,^i)lki(T3) < C{N^-'+' + t^+^i) . 

Finally, we set 

oo 

E= U . 

N=l 

We have thus shown the almost sure bounds on the possible growths of the Sobolev norms 
of the solutions established in the previous section for data in E which is of full fi measure. 
This completes the proof of Proposition 14.11 □ 



5. Global existence, the case s = 

In the previous sections, to prove global existence for s > we used at some points the 
Sobolev embeddings W^'^ C L°° for e > and p large enough. This argument implied an 
£ loss in the estimates. Here, such a loss is forbidden and we are going to follow instead a 
probabilistic version of the strategy iniciated by Yudovich [24] to prove global existence for 
two dimensional Euler equation (see also Brezis-Gallouet [7] and Burq-Gerard-Tzvetkov [8] 
for similar ideas in the context of dispersive equations). Our goal in this section is to prove 
the following statement. 

Proposition 5.1. Let /i € Ai^. Then there exists C > such that for fi almost every 
{^o,vi) G L^(T'^) X H^^{T'^), there exists a unique global solution 

v{t) £ Sit)U^{vo,vi) + C{R;H\T'') x ^^(T^)) 

of the non linear wave equation (13. ID . Moreover there exists M = M{vq,vi) > such that 
the solution furthermore satisfies 

v{t) = Sm'{vo,vi) + w{t), \\{w{t),dtwm\niiT^) < Ce^(*+^^)', 

with fi{M > A) < Ce"^* for some 6 > 0. 
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Proof. Again, we shall only consider positive times. Let us notice that according to Propo- 
sition lA.ll (with pi = P2 = = j), there exists C > such that for any j > 2, w( 
have 



^^{{vo,v^) G : ||(t)-^^n°5(t)(.o, -i)||l.(m.xT3) > A) < (c^^^^M-iH)^' = (^)\ 
On the other hand, according to Corollarv IA.2I (with pi = 3,p2 = 6, 5 = 1 > |), 

fi{{vo,vi) G : \\{t)-'u'S{t)ivo,vi)\\L3(u,;L^iT^)) > A) < Ce-'^" . 

For any integer k > 1, we set (notice that for the global existence part in the case s = 
in Theorem [21 we only use the case k = 1, the other cases will only be used to prove the 
invariance of our set by the flow) , 

and 

"^n°5'(t)(wo,wi)|li3(B;,.i6(r3)) + \\Uo{vo,vi)\\y^i + ||noi;o||i4(Tr3) < / 



Therefore we have 



(5.1) KFlk) + KGlk)<e-'^\ 5>0. 

Next we set Ej^i^ = Gj^k H Fj ^. For any {vo,vi) £ we write 

vit) = Sit)U''{vo,vi) + wit) , {w{0),dtw{0)) = Uo{vo,vi). 
Using the energy estimate, already performed several times in the previous sections, we get 

j^£{w{t)) < C{£{wm'^'\\w' - iU"S{t){vo,v,)+wfhHT^) 

< C{£{wm^/^[\\U^S{t){vo,vi)\\l,^^,^ + \\U^S{t){vo,vi)h^j^)\\w^^~^^,^ 

provided 

1 1 _ 1 



On the other hand 



v\\r2l < \\v\\rA V re, : h 



1-9 6 1^6 



and thus we obtain 



X (||n05(t)(T;o,z;i)||i6(Tr3) + ||n05(t)(^;o, i;i)b.(T3)(^(t«(t))^^'+^^) • 
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Consequently, as long as {£{w{t)))^^'^ remains smaller than 2^, we have (^£{w{t)))^ < C and 
consequently by Gronwall inequality, for {vo,vi) G Ej^^ and t < y/j, 

Next, we can write for t < y/j and {vo,vi) G Ej^k 

||(l-no)5(t)(z;o,t;i)||L.(o,t)xT3) <Cj^|Kt)-^:'(l-no)5(t)(t;o,^i)||L.(MxT3) 

and consequently there exists a small a > and a large jo depending only on k such that 
for j > jo, t < aVJ and {vo,vi) £ Ej^k, as long as {£{w{t)))^^'^ remains bounded by 2^ and 
t < aVJ, we have 

From the usual bootstrap argument, we deduce that the bootstrap assumption {£{w{t))y^'^ < 
2^ remains satisfied for t < aVj. Thus, we obtain that 

yk > 1,3a > 0,3jo > 0;Vj > jo, y{vo,vi) G E^^k, {£{w{t))y/^ < 2\ t < a^j. 

Next, we set 

Af>maxQjo) 

where the intersection is taken over the values of > max(j, jo). Thus, according to ()5.ip . 

n>maxQjo) 

and consequently, the set S^, defined as 

oo 

i=i 

is of full /i measure. 

Let {vo,vi) G E^. The solution is already defined up to time amax{y/jo, y/j). For t > 
amax(^/jo, \^), there exists a dyadic N > max(jo,i) such that a^/N < t < ay/2N and we 
deduce that the solution is defined up to time aV N2N with bounds 

Hence, the solution is globally defined. The above discussion also gives the claimed bound 
on the possible growth of the Sobolev norms. Namely, we have that for every t > 1, every 
ivo,vi) G El, 
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Thus we have the needed bound for every {vq, vi) G S^. This ends the proof of Proposition l5.ll 

□ 

Let us now define a set of fuh measure invariant under the dynamics estabhshed in Propo- 
sition [5Tj Set 

oo 
k=l 

Then E is of full measure. Coming back to the definition of S^,, we obtain that for every t there 
exists ko such that for every k, S'(t)(Sfc) C ^k+ko which in turn implies that S{t){Ti) = S. 
It remains to observe that the argument of the proof of Proposition 15.11 implies that the set 
S + is invariant under the dynamics (and of full measure). This completes the proof of 
Theorem [2j 

6. Probabilistic continuity of the flow. 

The purpose of this section is to prove Theorem [3l According to Proposition E3 we have 
that for any 2 < pi < +oo, 2 < p2 < +oo, 5 > 1 + ^, r/ € (0, 1), q G (0, 1) and /3 > 0, 

or|Kt)-^5(t)(y,)llLPi(K,;LP2(T3)) >/31oglog(r/-i),i = 0,l 

11^0 - Vi\\n-{T3) < V and || V,- ||^s(ir3) < A, j = 0,1^ — > 0, 
as — )• 0. Therefore, we can also suppose that 

(6.1) \\{t)-'Sit)iVo - ^i)||lpi(r.;LP2(t3)) < 
and 

(6.2) IIW"^5(i)(^i)llLPi(R,;LP2(T3)) < /31oglog(r?-i), j = 0, 1, 

when estimate the needed conditional probability. 

We therefore need to estimate the difference of two solutions under the assumptions (16. ip 
and (16. 2p . in the regime r/ <C 1. Let 

vj{t) = Sit){Vj) + Wjit), j = 0,l 

be two solutions of the cubic wave equation with data Vj (and thus (wj (0), dtWj{0)) = (0, 0)). 
Applying the energy estimate, performed several times in this paper, we get the bound 

±E'/\w,{t)) < c(||5(t)(y,)lli6(T3) + \\S{t){V,)h^^js^E'/\wj{t))), J = 0,1, 
and therefore, under the assumptions (j6.ip and ()6.2p . 

(6.3) E^/\wjit)) < CTe^^''i°gi°f5('?'')loglog(r/-i) < Cr[log(7r^)]^^'', t G [0,r], 
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where here and in the sequel we denote by Ct different constants depending only on T (but 
independent of rj). 

We next estimate the difference wq — wi. Using the equations solved by wq, wi, we infer 
that 



— ||w;o(t, •) - Oll^ifTS) ^ 2 / dt{wQ{t,x) - wx(li,x)){di - A){wo{t,x) - wi{t,x))dx 

at Jj:i 

< C\\woit, ■) - wiit, •)||^i(T3)||(u;o + Sit)iVo)f -w^o- K + ^W(Vi))' + wlh2^j3) . 
Therefore using the Sobolev embedding ^^(T^) C L^{T^), we get 

^\\wo{t, •) - Wi{t, •)||wi(T3) < c(\\wo{t, •) - Wi{t, •)||«i(T3) + \\S{t)iVo - Vi)\\L6(^fa) 

|2 I ii„,, u Mi2 I \\ Qrj.\ni \\\2 I u a^j.\nr 



\Mt, •)lli6(Tr3) + \\wi{t, •)||i6(Tr3) + \\SmVo)\\ie^j3^ + \\S{t){Vi)\\ie^ja) j ■ 

Therefore, using (|6.3p and the Gronwall lemma, under the assumptions (|6.ip and ()6.2p . for 

tG [0,T], 

\\wo{t,-)-w,{t,.)\\nH'i^) < CT^^-°[log(r?-i)]^-'3^^Hiog(.-rT. < c^^i— < crv'/', 
provided a,f3 <^1. In particular by the Sobolev embedding 

\\wo - Wi||i4([o,T]xT3) < CtT]^^'^, 

and therefore under the assumption ()6.ip , 

II^^O - ■yi||L4([0,T]xT3) < Ct'TI^/'^ . 

In summary, we obtained that for a fixed e > 0, the ^i® measure of Vq, Vi such that 

\\m{v,)-m{yi)\\xr>e 

under the conditions (|6.ip . ()6.2p and ||Vo — Vi||-^ii < rj is zero, as far as 77 > is sufficiently 
small. Therefore, we obtain that the left hand side of p.9p tends to zero as r/ — t- 0. This ends 
the proof of the first part of Theorem [3l 

For the second part of the proof of Theorem [3l we argue by contradiction. Suppose thus 
that for every e > there exist > and S of full jj, measure such that 

yyy Gi:r\BAA\v -v'Us <r] =^ mt){v) - <^{t){v')\\x^ < e. 

Let us apply the previous affirmation with e = l/n,n = l,2,3... which produces full measure 
sets Tj{n). Set 

00 

Si = n ^(^)- 

n=l 

Then Ei is of full ji measure and we have that 
Ve>0, 377>0, Vy,y' G Sin^A, 11"^^- V^'llw^ < ?7 ^ \\^{t){V)-^{t){V')\\xT <£■ 
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In other words the (nonhnear) map <I>(t) from H.'^ to Xx, restricted to Si n B^, is uniformly 
continuous. Therefore it can be extended in a unique way to a uniformly continuous map 
on El r\BA- Since we supposed that the support of /U is the whole , we obtain that 
Si n Ba = Ba. Let us denote by the extension of <I>(t) to B^. We therefore have 

(6.4) Ve>0, 37?>0, Vy,y' <r/ ^ \\Mt){V) -Mf){V')\\xr < e. 
We have the following lemma. 

Lemma 6.1. For V G (C°°(T3) x C°°{t'^))r\BA, we have that ^{t){V) = {u,Ut), where u is 
the unique classical solution on [0, T] of 

{d'^ - A)u + u^ = 0, {u{0),dtu{0)) =V. 

Proof. Let us first show that that first component of ^{t){V) = {^i{t){V),^2{t){V)) is a 
solution of the cubic wave equation. Observe that by construction, necessarily $2(i)(^) = 
dt^i{t){V) in the distributional sense (in ^'((O.r) x T^)). 
We have that 

V = hm Vn , 

n— >oo 

in Ti'^ with G Si H Ba- We also have that 

(6.5) (52 - A)(cI>i(t)(K)) + {Mt)iVn)f = 0, 
with the notation ^{t) = {^i{t),^2{'t))- In addition, 

W){y) = lim $(t)(K) , 

n— >oo 

in Xt- We therefore have that 

(52 - A){^){V)) = hm {d! - A)(<I>i(t)(K)), 

in the distributional sense. Moreover, coming back to the definition of Xt, we also obtain 
that 

(^mf = hm (cI>l(^)(K))^ 

in L^/^([0, T] X T^). Therefore, passing into the limit n — )• 00 in ( (j6.5p ). we obtain that 
$i(t)(y) solves the cubic wave equation (with data V). Moreover, since {^i{t){V))^ G 
L^/^([0,T] X T^), it also satisfies the Duhamel formulation of the equation. 
Let us denote by u(t), t G [0,T] the classical solution of 

{df - A)u + u^ = 0, iu{0),dtuiO)) = V, 

defined by Theorem [TJ Set v = ^i{t){V). Since our previous analysis has shown that f is a 
solution of the cubic wave equation, we have that 

(6.6) (d"^ - A){u - v) + - = 0, (u(0),(9tu(0)) = (0,0) . 
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We now invoke the - L^/^ non homoffenous estimates for the three dimensional wave 
equation. Namely, we have that there exists a constant (depending on T) such that for every 
interval / C [0,T], the solutions of the wave equation 

{d^-A)w = F, (n(0),5i^/(0)) = (0,0) 

satisfies 

(6-7) lhllL4(/xT3) < C'I|-^IIl4/3(/xT3) • 

Applying (j6.7p in the context of ()6.6p together with the Holder inequality yields the bound 

(6.8) ||u - v||l4(/xT3) < C'(ll'"lli4(/xT3) + lbllL4(/xT3)) 11^ " 1 1 (/x T3) • 

Since u,v ^ L^{I x T^), we can find a partition of intervals Ii, . . . ,Ii of [0, T] such that 

C(ll^lli4(7^,xT3) + II^IIl4(/j.xT3)) < 2' i = 1' • • • ' ^• 

We now apply (16. Sh with / = j = 1,... ,1 to conclude that u = v on Ii, then on I2 
and so on up to /; which gives that n = t> on [0, T]. Thus u = ^i{t){V) and therefore also 
dtu = ^2i't)iy)- This completes the proof of Lemma |6.1[ □ 

It remains now to apply Lemma 16.11 to the sequence of smooth data in the statement of 
Theorem [1] to get a contradiction with (16. 4p . More precisely, if (C/„) is the sequence involved 
in the statement of Theorem[Tl the result of Theorem [T] affirms that <I>(t)(C/„) tends to infinity 
in L°°([0, T]; ?^^) while (|6.4p affirms that the same sequence tends to zero in the same space 
L'^{[0,T];'H'). 

Appendix A. Random series 

In this appendix, we collected the various results we need about random series. Most of 
them are well known in slightly different contexts, and the proofs we give are essentially adap- 
tations of the classical proofs. The conditioned versions of our estimates (see Section [A.2p . 
though very natural do not seem to appear in the literature. 

A.l. Basic large deviation estimates. 

Proposition A.l. Let us fix n £ s G [0, 1) and let us suppose that /i is induced via the 
map (II. Sp from the couple {uq,ui) G V.^ . Then there exists a positive constant C such that 
for every 2 < pi,p2 < q < +00 and every 6 > 

(A.l) fi({vo,vi) : |Kt)-^(l-no)5(t)(^;o,^^i)||LPi(R,;LP2(T3)) > a) 

1_ 

^ ^^ \/g|IK>m)lko(T3)('?pi - 1) "^ y 
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Proof. By definition, the left liand-side of (jA.ip equals 

pl^Loen : |Kt)-^(i-no)5(t)K,<)||iP,(K^.iP2(T3)) > a). 

We decompose 

n°5(i)K,0= ^ ((/3„_o(a;)6„,ocos(t|n|)+/3„,i(a;)6„,i^^^^^)cos(n-x) 



+ (7n,o(w)cn,ocos(t|n|) + 7n,i ('^JCn,! — — j sin(n • xjj. 

with 



Now, using the triangle inequality, by writing cos(n • x) and sin(n • x) as linear combination 
of exp(ibi(n • x)), we observe that it suffices to get the bound 

■ \\{t} 2^an[t)Cng^e \\LPi{]Rt;LP2{j3)) > \) < \^ j , 

n 

where (g^) are independent real random variables with joint distribution satisfying (jl.4p and 
< 1- Using the Minkowski inequality, we can write for q > p, 

\\{'ty^y^,dn{t)Cngne'"''''\\Li((Q;LPl(Rt;LP2(j3))) 
n 

< y^,dn(t)Cngne'"''''\\LPi{Rt;LP2{T3)-Li{n)) 
n 

= IIIK*)"'' X] dn{t)Cngne''^'''\\Li{n)\\LPi{Rt;LP2{j3)) ■ 
n 

By using [ini Lemma 3.1], we get 

\\{'t)^^y^,dn{t)Cngne''^'''\\Li((Q;LPi(Rt;LP2(j3))) 



< \\CVQ(T.\^t)~'dn{t)cy^-^\ 



V2, 



\LPi{Rt;LP2 (T3)) 



1/2 



la P 



and we conclude the proof of Proposition lA.ll by using the Tchebichev inequahty 

p{u : I^MI >A))<A-^P||^,(^). 
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□ 

For fixed pi,P2, we can optimize the estimate by taking 

„^/^IIK,^ti)lko(Tr3) 1 A2||(uo,ui)||^2^^^^ 
(A.2) C = 2^«= ' 

and we deduce the following statement. 

Corollary A.2. There exist C,c> such that under the assumptions of Proposition HTTl for 
every A > 0, 

Mvo,vi) G : ||(t)-^n05(t)(t;o,^;i)kpi(M,;LP2(T3)) > a) < Cexp(-- ^-^^ ) . 

Remark A. 3. Notice that the measure jj, is a tensor product of two probability measures 
UN o,nd fi^ defined on the images of the projectors IIn and 11^ respectively. As a conse- 
quence, applying Corollary \A.2 to the measure ji^ , we get that under the assumptions of 
Proposition \A.1\ for every A > 0, 

(A.3) ^^({vo,Vl) G : \\{t)-'ll^ S{t){v^,vi)\\Lv,(^^,,L^^r^)) > a) 

- ^^^p(-||n^(no,ni)||?,o(Tr3)) - ^'''P("iV-2s||niV(^^,^^)||2^^^^^^) • 
Notice now that if uq and ui are constant, the free evolution is 

S{t){uo,Ui) = Uq + Uit. 

Therefore we deduce the following statement. 

Corollary A. 4. Let us fix fi €z , s G [0, 1) and let us suppose that fj, is induced via the 
map (|1.5|) from the couple {uo,ui) G 'H'^. Let us also fix 2 < pi,p2 < +oo and 6 > 1 + 
Then there exists a positive constant C such that for every A > 0, 



^L({yo,vi) G W : ^ S{t){vQ,vi)\\LP^(^^^.LV2{Ti)) > a) < Cexp(- 



cA- 



2 



K,^^i)||^o(Tr3) 



Notice finally that using the Sobolev embeddings W'^iT^) C L'=^{T^),a > |, where the 
norm is defined by 

Iklliy^^pCTS) = 11(1 - ^T^'^u\\lp{j3), 

we obtain also 

Corollary A. 5. Let us fix s > and n G TW" Let < a < s and let us suppose that fi 
is induced via the map (jl.Sp from the couple {uo,ui) G Ti^ . Let us also fix 2 < pi < +oo, 
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2 < P2 ^ +00 and 6 > 1 + ^ . Then there exists a positive constant C such that for every 
A > 0, 

cA2 



IJ.({vo,vi) GTi" : \\{t) ''5(t)(t;o,t;i)||LPi(iRt;LP2(T3)) > a) <Cexp(^- 



(^iO,'"l)||^<T(T3) 



Remark A. 6. The same argument as in the proof of Proposition \A.1\ shows that for every 
2 < p < +00 and s > there exist C, c > such that under the assumptions of Proposition 
defining fj,, for every A > and every integer N > 0, 



(A.4) l^{{vo,vi) G n' : ||n^'(;o||iP(Tr3) > a) < C7exp(-^^ 

(A.5) n(^ivo,vi) G n' : \\ivo,vi)\\Hs(^j3) > a) < Cexp^ 



"^Oi ^1) ||^o(Tr3) 



A. 2. Conditioned large deviation estimates. The purpose of this section is to deduce 
the following conditioned versions of our previous large deviation estimates: 

Proposition A. 7. Let ^ G Ai^, s G (0, 1) and suppose that the real random variable with 
distribution 9, involved in the definition of fi is symmetric. Then for (5>l + ^,2<pi<oo 
and 2 < p2 < 00 there exist positive constants c, C such that for every positive e, A, A and A, 

(A.6) ^l0 f,(^{{vo,Vi),{v'o,v[)) en' x-H' : Wit)-^ S{t){vo - v'o,vi - v[)\\LPi(R,,LP2(r^)) > X 
01 \\{t)-^ S{t){vo + v'o,vi + v[)\\lp^k^.lp2(ts)) > A \\{vo - vo,ui - u\)\\^s(^f3) < e 

and \\{vq + v'q,ui + Ui)||^s(t3) < ^) < ci^e' 



Proof. The proof of this result can be obtained by coming back to the original proof of Paley 
and Zygmund's of the boundedness of random series on the torus. However, we will follow 
a suggestion by J. P. Kahane and show that in fact, we can deduce it directly from the large 
deviation estimates proved in the previous section. The basic result which will allow this 
procedure, is the following lemma. 

Lemma A. 8. For j = 1,2, let Ej be two Banach spaces endowed with measures fij. Let 
/ : E'l X £^2 — )• C and gi, g2 ■ E2 ^ C be three measurable functions. Then 

m ^ M2((2;i,X2) £ Eix E2 : |/(xi,a;2)| > A | gi{x2)\ < e, \g2ix2)\ < -4^ < 

sup ^i(xi G El : |/(xi, 2:2)1 > A) , 

X2(^E2,\giix2)\<e,\g2{x2)\<A 



where by sup we mean the essential supremum. 
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Proof. We may write 



(A.7) / x{\fixi,X2)\ > X)x{\9i{x2)\ < e)x{\92{x2)\ < A)dfii{xi) 



< sup G : |/(xi,X2)| > X))x{\9i{x2)\ < e)x{\92{x2)\ < A) 



^26-^2, |9i(X2)|<e 
|92(^2)t<^ 



for a.e. X2 G E2- Here by x(-) we denote the characteristic function of the corresponding 
set. Now, we integrate the inequahty (IA.7P over X2 G E2 with respect to fi2, to achieve the 



We shall also use the following lemma. 

Lemma A. 9. Let gi and §2 he two independent identically distributed real random variables 
with symmetric distribution. Then gi it §2 have symmetric distributions. Moreover if h is a 
Bernoulli random variable independent of gi then hgi has the same distribution as gi. 

The first part of the statement is straightforward if the distribution of gi and 52 is absolutely 
continuous with respect to the Lebesgue measure (in the analysis of gi — g2 we do not need 
the symmetry assumption on gi, (72)- In the general case one may invoke a duality and 
approximation argument. The second part of the lemma is straightforward. 

Let us now turn to the proof of Proposition IA.7I Define 

equipped with the natural Banach space structure coming from the l°° norm. We endow £ 
with a probability measure fiQ defined via the map 



claimed bound. This completes the proof of Lemma lA.81 



□ 




where {kQ,ln,hn) is a system of independent Bernoulli variables. 

For h = [x, {yn)nez3,{zn)nez3) e £ and 




we define the operation by 




Let us first evaluate the quantity 
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Observe that, thanks to Lemma lA.91 (jA.Sp equals 

(A.9) fi^ fi(S) ij,o0 no(^{{vo,vi), {vq,v[), {ho, hi)) £W xE -kS : 

\\{t)-^ S{t){ho {VQ - v'o),hl {Vl - v[))\\lpi(R,,LP2(t3)) > A 



||(/io0(^^o-^^o)'^i0(^i-^''i))llw=(T3) < eand||(/io0(vo + ^^o)'^i0(^i + ^'i))llw=(T3) < Aj. 

Since the H'^{T^) norm of a function / depends only on the absolute value of its Fourier 
coefficients, we deduce that ()A.9P equals 

(A. 10) jio^ fio(^{{vo,vi),{v'Q,v[),{ho,hi)) GTi" xn" X £ X £ : 

\\{t)~^S{t){ho {Vo - v'Q),hi {Vi - f'i))||LPi(R,;LP2(T3)) > A 

\\{vo-Vo,vi -u'i)||^«(T3) < e and\\{vo + Vo,vi + v[)\\-Hs(^j3^ < Aj 



We now apply Lemma [A.8I with fii = fiQ and = ^ to get that (jA.lOp is bounded 



We now apply Corollary IA.5I (with Bernoulli variables) to obtain that (jA.Sp is bounded by 
Cexp(— c^). A very similar argument gives that 



by 



(A.ll) 



sup 

ivo-vl^,vi-v[)\\^s^j3)<e 







is bounded by C exp(— c^). This completes the proof of Proposition IA.7I 



□ 



Appendix B. Properties of the measures M(uo,«i) 
Via the choice of coordinates induced by the decomposition (jl.Sp 

(no,ni) ^ (ao, (6n,o, c„,o)nez3 , ^i: (Vi,c„,i)„6z3) G (MxM^* xM^-)' 
the measure fJ'(uo,ui) can be seen as an infinite tensor product of probability measures on 



^ ~ ^0,0 0neZ3 /^n,0,6 0neZ3 /^n,0,c ^0,1 0neZ3 Mn,l,b 0nGZ3 /^n,l,c 



where 
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are the distributions of the random variables 

O-qO^O, bn,o(^n,Oi C„,o7n,0) OlOl ; ^n,l/3n,l ; C„,l7n,l 

respectively. As a consequence, we will be able to apply the following result by Kakutani jl6j . 
Theorem 4. Consider the infinite tensor products of probability measures on 



/^i = Q9/"n,i, i = l,2. 

n6N 

Then the measures jii and H2 on endowed with its cylindrical Borel a-algebra are absolutely 
continuous with respect each other, fJ-i <^ fJ-2, o-nd fJ-i, if and only if the following holds: 

(1) The measures ^n,i and fin,2 are for each n absolutely continuous with respect to each 
other: there exists two functions Qn € L^{R,d^n,2), kn £ L^O^,dfin,i) such that 

(2) The functions Qn are such that the infinite product 

(B.l) W / gl/'^dHn,2 = n / \/ dl^n,l\/ d^ln,2 

is convergent (i.e. positive). 

Furthermore, if any of the condition above is not satisfied (i.e. if the two measures /xi and ^2 
are not absolutly continuous with respect to each other), then the two measures are mutually 
singular: there exists a set A C such that 

/ii(^) = i, ^l2{A) = {) 

Theorem H] implies the following statement concerning the measures we studied in this 
paper in the context of the cubic wave equation (jl.ip . 

Proposition B.l. Assume that the random variables (a^ (a;), /3„j(w), 7„j (w)), j = 0,1, n G 
Z^, used to obtain the randomisation as explained in the introduction are independent centered 
gaussian random variables. Let 

Uj{x) = aoj + ^ (^bn,j cos(n • x) + c„,o sin(n • x)j , j = 0,1, 

nez'i 

Uj{x) = aoj + ^ (bn,j cos(n • x) + c„,o sin(n ■ x)), j = 0,1. 



Then the measures fJ-(^uo,ui) and ^^(uo,ui) are absolutely continuous with respect to each other if 
and only if neither of the coefficients (a,b,c,a,b,c) above vanishes (or then they must vanish 
simultaneously, i.e. if oqj = 0, thenaQj = 0, etc... and 
1 



3 ' ' ^".J 



2 

1) < +00. 
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Furthermore, of this condition is not satisfied, then the two measures Hi^uo,ui) IjL(uo,ui) '^'''^ 
mutually singular. 

Proof. Indeed, if (7 is a normalized gaussian random variable, the random variable ag is 
a Gaussian random variable centered and variance a^, and eliminating the trivial contri- 
butions when the coefficients vanish simultaneously, the result amounts to proving that if 
fJ-i = •X'nsN^n.i; with Gaussiau distribution of variance j, then the measures fii and ^2 
are absolutely continuous with respect to each other if and only if 



2 

< +00 



in this case, we have 



and 



Consequently, 



dlJ,n,i = 1=6 dt 

XnAV27r 



^n,2 2x''' „ 2x'^ , 
gn = -e "'2 ".i 



1 _|_ :Zlh± _ 1 

ZX„ lXn,2 \ 2 / x„,2 a^n.l \ 2 



(B.2) / g^/^d,^,, = / <2 <^ dt = (^^^) ' = 

and we deduce that if the infinite product (jB.ip is convergent then necessarily the quotients 
tend to 1. Now, writing = 1 + we have 

2j;„ lX„ 2 \2 T ■'^ -2 I /"Ol' 3\ 



Finally, by taking the logarithm, we conclude that the infinite product ()B.ip is convergent if 
and only if 

+00. 

n 

□ 
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